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Abstract
Near lightcone correlators are dominated by operators with the lowest twist. We consider
the contributions of such leading lowest twist multi-stress tensor operators to a heavy-
heavy-light-light correlator in a CFT of any even dimensionality with a large central charge.
An infinite number of such operators contribute, but their sum is described by a simple
ansatz. We show that the coefficients in this ansatz can be determined recursively, thereby
providing an operational procedure to compute them. This is achieved by bootstrapping
the corresponding near lightcone correlator: conformal data for any minimal-twist deter-
mines that for the higher minimal-twist and so on. To illustrate this procedure in four
spacetime dimensions we determine the contributions of double- and triple-stress tensors.
We compute the OPE coefficients; whenever results are available in the literature, we ob-
serve complete agreement. We also compute the contributions of double-stress tensors in
six spacetime dimensions and determine the corresponding OPE coefficients. In all cases
the results are consistent with the exponentiation of the near lightcone correlator. This is
similar to the situation in two spacetime dimensions for the Virasoro vacuum block.
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1. Introduction and Summary
1.1. Introduction
The two-point function of the stress tensor in Conformal Field Theories is proportional
to a single parameter, the central charge CT . It generally serves as a measure of the
number of degrees of freedom in the theory. In two spacetime dimensions this statement
can be made precise: one can define a c-function which monotonically decreases along
Renormalization Group flows and reduces to the central charge at conformal fixed points
[1]. In four spacetime dimensions the situation is a bit more subtle and it is the a-coefficient
in the conformal anomaly which necessarily satisfies aIR ≤ aUV [2]. Nevertheless, in any
unitary conformal field theory a and CT can only differ by a number of O(1) (see [3] for
the original argument and [4-10] for more recent field theoretic proofs.) Hence, to consider
the limit of infinite number of degrees of freedom one needs to take CT to infinity.
In two spacetime dimensions conformal symmetry is described by the infinite-
dimensional Virasoro algebra. This symmetry strongly constrains correlators, especially
when combined with the CT → ∞ limit. Of particular interest is the “heavy-heavy-
light-light” correlator, which involves two “heavy” operators with conformal dimension
∆H ∼ CT and two “light” operators with conformal dimension ∆L ∼ O(1). In this case
the contribution of the identity operator and all its Virasoro descendants is known as the
Virasoro vacuum block and has been calculated in several ways [11-17]. The Virasoro vac-
uum block (and finite CT corrections to it) is instrumental in a variety of settings, such as
e.g. the problem of information loss [18-23] and properties of the Renyi and entanglement
entropies [24-27] (see also [28,29] for the original applications of large CT correlators in
this context).
The heavy-heavy-light-light Virasoro vacuum block exponentiates
〈OH(∞)OL(1)OL(z)OH(0)〉 ∼ e∆LF(µ;z), (1.1)
with F a known function which admits an expansion in powers of µ ∼ ∆H/CT
F(µ; z) =
∑
k
µkF (k)(z). (1.2)
One can consider contributions of various quasi-primaries made out of the stress tensor to
F (k). At k = 1 the only such quasi-primary is the stress tensor itself, while for k = 2 one
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needs to sum an infinite number of quasi-primaries quadratic in the stress tensor (double-
stress operators) and labeled by spin. The situation is similar for all other values of k. It
is possible to compute the OPE coefficients of the corresponding quasi-primaries, starting
from the known result for the Virasoro vacuum block. Interestingly, at each order in µ,
F (k) can be written as a sum of particular terms [30]1
F (k)(z) =
∑
{ip}
bi1...ikfi1(z)...fik(z),
k∑
p=1
ip = 2k, (1.3)
where fa(z) = (1− z)a2F1(a, a, 2a, 1− z).
It is an interesting question whether a similar structure appears when the number
of spacetime dimensions d is greater than two. Unlike in two spacetime dimensions, in
addition to spin, multi-stress tensor operators are also labeled by their twist. An interesting
subset of multi-stress tensor operators is comprised out of those with minimal twist. These
operators dominate in the lightcone limit over those of higher twist. In [32] an expression
for the OPE coefficients of two scalars and minimal-twist double-stress tensor operators in
d = 4 was obtained, and the sum was performed to obtain a remarkably simple expression
for the near lightcone O(µ2) term in the heavy-heavy-light-light correlator. It was shown
to have a similar form to (1.3). One may now wonder if the minimal-twist multi-stress
tensor part of the correlator in higher dimensions exponentiates
〈OH(∞)OL(1)OL(z, z¯)OH(0)〉
∣∣
multi−stress tensors
∼ e∆LF(µ;z,z¯), (1.4)
and whether F(µ; z, z¯) can be expressed as
F(µ; z, z¯) =
∑
k
µkF (k)(z, z¯), (1.5)
with
F (k)(z, z¯) = (1− z¯)k(d−22 )
∑
{ip}
bi1...ikfi1(z)...fik(z),
k∑
p=1
ip = k
(
d+ 2
2
)
, (1.6)
and d an even number.
1 Similar expressions in a slightly different context appeared in [31].
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In this paper we investigate this further. We start by assuming that the multi-stress
tensor sector of the heavy-heavy-light-light correlator in the near lightcone regime z¯ → 1
admits an expansion in µ
〈OH(∞)OL(1)OL(z, z¯)OH(0)〉
∣∣
multi−stress tensors
∼
∑
k
µkG(k)(z, z¯), (1.7)
where each coefficient function G(k)(z, z¯) takes a particular form:
G(k)(z, z¯) = (1− z¯)
k( d−22 )
[(1− z)(1− z¯)]∆L
∑
{ip}
ai1...ikfi1(z)...fik(z),
k∑
p=1
ip = k
(
d+ 2
2
)
. (1.8)
We subsequently use this ansatz to compute the contributions of the multi-stress tensor
operators to the near lightcone correlator and extract the corresponding OPE coefficients.
For even d, the hypergeometric functions in (1.8) reduce to terms which contain at
most one power of log(z) each. Their products contain multi-logs whose coefficients turn
out to be rational functions of z. We use the conformal bootstrap approach initiated in
[33] (for a review and references see eg. [34-36]) to relate these functions to the anomalous
dimensions and OPE coefficients of the heavy-light double-twist operators in the cross
channel. The ansatz (1.8) has just a few coefficients at any finite k which can be determined
completely from the cross-channel data derived using the (k − 1)th term. This is related
to the fact that all the logm(z) terms with 2 ≤ m ≤ k are completely determined by
the anomalous dimensions and OPE coefficients at O(µk−1). At each step, we obtain an
overconstrained system of equations solved by the same set of ai1...ik . This provides strong
support to the ansatz (1.6). We then proceed to derive the OPE coefficients of the multi-
stress tensor operators with two light scalars from our result. In practice, we complete this
program to O(µ3) in d = 4 and to O(µ2) in d = 6. However the procedure outlined can
be easily generalised to arbitrary order in µ and any even d.
In [37] the authors considered holographic CFTs dual to gravitational theories defined
by the Einstein-Hilbert Lagrangian plus higher derivative terms and a scalar field minimally
coupled to gravity in AdSd+1. Interpreting the scalar propagator in an asymptotically
AdSd+1 black hole background as a heavy-heavy-light-light four point function, enabled
the authors of [37] to extract the OPE coefficients of a few multi-stress tensor operators
from holography (see also [38-40] for related work). Ref. [37] also argued that the OPE
coefficients of the leading, minimal-twist multi-stress operators are universal – they do
not depend on the higher derivative terms in the Lagrangian. Their results agree with
the general expressions obtained in this paper, upon substitution of the relevant quantum
numbers. We do not use holography in our work; our major assumption is (1.8). It would
be interesting to see what is the regime of applicability of our results.
4
1.2. Summary of the results
In this paper we argue that for a large class of CFTs (including holographic CFTs) in even
d, the contribution of minimal-twist multi-stress tensors to the correlator in the lightcone
limit can be written as a sum of products of certain hypergeometric functions. To be
explicit, let us define functions fa(z) as
fa(z) = (1− z)a2F1(a, a, 2a; 1− z). (1.9)
The stress tensor contribution to the correlator in the lightcone limit is given in any
dimension d by
G(1)(z, z¯) ≈
z¯→1
(1− z¯) d−22
[(1− z)(1− z¯)]∆L
∆LΓ(
d
2
+ 1)2
4Γ(d+ 2)
f d+2
2
(z). (1.10)
At O(µ2) the contribution from twist-four double-stress tensor operators in d = 4 is
G(2)(z, z¯) ≈
z¯→1
(1− z¯)2
[(1− z)(1− z¯)]∆L
(
∆L
28800(∆L − 2)
)
×
(
(∆L − 4)(∆L − 3)f23 (z) +
15
7
(∆L − 8)f2(z)f4(z) + 40
7
(∆L + 1)f1(z)f5(z)
)
.
(1.11)
This result agrees with the expression obtained by different methods in [32].
The contribution from twist-six triple-stress tensors in the lightcone limit in d = 4 at
order O(µ3) is
G(3)(z, z¯) ≈
z¯→1
(1− z¯)3
[(1− z)(1− z¯)]∆L
(
a117f1(z)
2f7(z) + a126f1(z)f2(z)f6(z)
+ a135f1(z)f3(z)f5(z) + a225f2(z)
2f5(z) + a234f2(z)f3(z)f4(z) + a333f3(z)
3
)
,
(1.12)
where coefficients aijk are given by (3.18).
Furthermore, from (1.12) and (3.18), we find the OPE coefficients of twist-six triple-
stress tensor operators as a finite sum (for details see Section 3.4). Two such OPE coef-
ficients for twist-6 triple-stress tensors were calculated holographically in [37] and agree
with our results.
The contribution from twist-eight double-stress tensors to the correlator in the light-
cone limit in d = 6 at order O(µ2) is
G(2)(z, z¯) ≈
z¯→1
(1− z¯)4
[(1− z)(1− z¯)]∆L×(
a13f1(z)f7(z) + a26f2(z)f6(z) + a35f3(z)f5(z) + a44f4(z)
2
)
,
(1.13)
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where amn are given by (4.7). Using (1.13) and (4.7) we find the OPE coefficients for
operators of type : Tµν∂λ1 . . . ∂λ2lTαβ : in d = 6 to be equal to:
P
(HH,LL)
8,s = µ
2 c∆L
(∆L − 3)(∆L − 4)(a3∆
3
L + a2∆
2
L + a1∆L + a0), (1.14)
where c and am, given by (4.15), are functions of the total spin s = 4 + 2l .
In general we propose that the contribution from minimal-twist multi-stress tensor
operators to the correlator in even d at O(µk) in the lightcone limit takes the form
G(k)(z, z¯) ≈
z¯→1
(1− z¯)k(d2−1)
[(1− z)(1− z¯)]∆L
∑
{ip}
ai1...ikfi1(z)...fik(z),
k∑
p=1
ip = k
(d+ 2
2
)
, (1.15)
where the sum goes over all sets of {ip} with ip ≤ ip+1 and ai1...ik coefficients that need
to be fixed.2
We also check that the stress tensor sector of the near lightcone correlator exponen-
tiates
〈OH(x4)OL(1)OL(z, z¯)OH(0)〉|multi−stress tensors ≈
z¯→1
1
[(1− z)(1− z¯)]∆L e
∆LF(µ;z,z¯), (1.16)
where F(µ; z, z¯) is a rational function of ∆L that remains O(1) as ∆L →∞. We explicitly
verify this up to O(µ3) in d = 4 and O(µ2) in d = 6.
1.3. Outline
The rest of the paper is organized as follows. In Section 2, we establish notation and write
general expressions for the heavy-heavy-light-light correlator in both the direct channel
(T-channel) and the cross channel (S-channel). We further write down the stress tensor
contribution to the correlator in the lightcone limit in arbitrary spacetime dimensions d.
In Section 3, we find the contribution of minimal-twist double- and triple-stress tensor
operators in d = 4 in the lightcone limit. We show that this contribution exponentiates
and we write an expression for the OPE coefficients of minimal-twist triple-stress tensors
of spin s with scalar operators, in the form of a finite sum. In Section 4, we repeat this
program up to O(µ2) in d = 6. Again we confirm exponentiation and we find a closed form
expression for the OPE coefficients of minimal-twist double-stress tensors of arbitrary spin
with scalar operators. We discuss our results in Section 5.
2 One only needs to sum the linearly independent products of functions fa.
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2. Review of heavy-heavy-light-light correlator in the lightcone limit
Below we review the setup of a heavy-heavy-light-light correlator with focus on its be-
haviour in the lightcone limit. We mostly follow [30,41,32].
The object that we study is a four-point function of pairwise identical scalars
〈OH(x4)OL(x3)OL(x2)OH(x1)〉. Here OH and OL are scalar operators with scaling di-
mension ∆H ∝ O(CT ) and ∆L ∝ O(1), with CT ≫ 1 the central charge.
Using conformal transformations we define the stress tensor sector of the correlator
by
G(z, z¯) = lim
x4→∞
x2∆H4 〈OH(x4)OL(1)OL(z, z¯)OH(0)〉
∣∣∣
multi−stress tensors
, (2.1)
where z and z¯ are the usual cross-ratios3
u = (1− z)(1− z¯) = x
2
14x
2
23
x213x
2
24
,
v = zz¯ =
x212x
2
34
x213x
2
24
.
(2.2)
In (2.1) the“multi-stress tensor” subscript stands to indicate the contribution of the identity
and all multi-stress tensor operators.
The correlator G(z, z¯) can be expanded in the “T-channel” OL(1)×OL(z, z¯)→ Oτ,s
as4
G(z, z¯) = [(1− z)(1− z¯)]−∆L
∑
Oτ,s
P
(HH,LL)
Oτ,s
g(0,0)τ,s (1− z, 1− z¯), (2.3)
where τ = ∆− s and s denote the twist and spin of the exchanged operator, respectively,
and g
(0,0)
τ,s (z, z¯) the conformal block of the primary operator Oτ,s. Moreover, P (HH,LL)Oτ,s are
defined as
P
(HH,LL)
Oτ,s
=
(
−1
2
)s
λOHOHOτ,sλOLOLOτ,s , (2.4)
where λOLOLO and λOHOHO denote the respective OPE coefficients.
We will mainly be interested in the lightcone limit defined by u ≪ 1 or equivalently
z¯ → 1. In this limit the T-channel expansion (2.3) is dominated by minimal-twist operators
as follows from the behaviour of the conformal blocks
G(u, v) ≈
u→0
u−∆L
∑
Oτ,s
P
(HH,LL)
Oτ,s
u
τ
2 (1− v)− τ2 f τ
2+s
(v), (2.5)
3 Note that (u, v) are exchanged compared to the more common convention.
4 For reasons of convenience, here and in the rest of the paper we refer to G(z, z¯) as the
correlator; the reader should keep in mind that G(z, z¯) is not the full correlator but only its stress
tensor sector, as defined in (2.1).
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where τ = ∆− s is the twist and
f τ
2+s
(v) = (1− v) τ2+s2F1
(τ
2
+ s,
τ
2
+ s, τ + 2s, 1− v
)
(2.6)
is a SL(2;R) conformal block.
For any CFT in d > 2 the leading contribution in the lightcone limit comes from
the exchange of the identity operator with twist τ = 0. Another operator present in any
unitary CFT is the stress tensor with twist τ = d− 2. Its contribution to the correlator is
completely fixed by a Ward identity and
P
(HH,LL)
Tµν
= µ
∆L
4
Γ(d
2
+ 1)2
Γ(d+ 2)
, (2.7)
where
µ :=
4Γ(d+ 2)
(d− 1)2Γ(d
2
)2
∆H
CT
. (2.8)
As explained in [30], the correlator admits a natural perturbative expansion in µ,
G(z, z¯) =
∑
k
µkG(k)(z, z¯) . (2.9)
Using (2.5) and (2.7), we find the following contribution due to the stress tensor at
O(µ)
G(1)(z, z¯) ≈
z¯→1
(1− z¯) d−22
[(1− z)(1− z¯)]∆L
∆LΓ(
d
2 + 1)
2
4Γ(d+ 2)
(1− z) d+22 2F1
(d+ 2
2
,
d+ 2
2
; d+ 2; 1− z
)
.
(2.10)
Let us study the correlator perturbatively in µ in the lightcone limit. At k-th order in
that expansion we expect contributions from minimal-twist multi-stress tensor operators
of the schematic form [T k]τ,s =: Tµ1ν1 . . . ∂λ1 . . . ∂λlTµkνk :, where the minimal-twist τ and
spin s of these operators are given by
τ = k(d− 2),
s = 2k + l
(2.11)
and l an even integer denoting the number of uncontracted derivatives. We moreover define
the product of OPE coefficients for minimal-twist operators at order k as
P
(HH,LL)
[Tk]τ,s
= µkP (HH,LL);(k)τ,s . (2.12)
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Compared to the k = 1 case, there exists an infinite number of minimal-twist multi-stress
tensor operators for each value of k > 1. To obtain their contribution to the correlator in
the lightcone limit, we thus have to sum over all these operators.
The correlator can likewise be expanded in the “S-channel” OL(z, z¯)×OH(0)→ Oτ ′,s′
as
G(z, z¯) = (zz¯)− 12 (∆H+∆L)
∑
Oτ′,s′
P
(HL,HL)
Oτ′,s′
g
(∆HL,−∆HL)
τ ′,s′ (z, z¯). (2.13)
where P
(HL,HL)
Oτ′,s′
are the products of the corresponding OPE coefficients and ∆HL = ∆H−
∆L. Operators contributing in the S-channel are “heavy-light double-twist operators”
[30,41]5 that can be schematically written as [OHOL]n,l =: OH∂2n∂lOL :, with scaling
dimension ∆n,l = ∆H +∆L + 2n+ l+ γ(n, l) and spin l. In the ∆H →∞ limit the d = 4
blocks are given by
g
(∆HL,−∆HL)
∆H+∆L+2n+γ,l
(z, z¯) ≈ (zz¯)
1
2 (∆H+∆L+2n+γ)
z¯ − z
(
z¯l+1 − zl+1) , (2.14)
and similarly in d = 6
g
(∆HL,−∆HL)
∆H+∆L+2n+γ,l
(z, z¯) ≈ (zz¯)
1
2 (∆H+∆L+2n+γ(n,l))
(z¯ − z)3
(
z¯l+3 − l + 3
l + 1
z¯l+2z1 − (z ↔ z¯)
)
.
(2.15)
The anomalous dimensions γ(n, l) admit an expansion in µ
γ(n, l) =
∞∑
k=1
µkγ
(k)
n,l . (2.16)
Likewise, we expand the product of the OPE coefficients of the double-twist operators as
P
(HL,HL)
n,l = P
(HL,HL);MFT
n,l
∞∑
k=0
µkP
(HL,HL);(k)
n,l , (2.17)
with P
(HL,HL);(0)
n,l = 1. The zeroth order OPE coefficients P
(HL,HL);MFT
n,l in the S-channel
are those of Mean Field Theory found in [44]. In the limit ∆H →∞ they are given by
P
(HL,HL);MFT
n,l ≈
(∆L − d/2 + 1)n(∆L)l+n
n! l! (l+ d/2)n
, (2.18)
5 This the analogue of light-light double-twist operators that are present in the cross channel
of 〈O1O2O2O1〉, with O1 and O2 both light, in any CFT [42,43].
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where (a)n denotes the Pochhammer symbol. For large l we further approximate (2.18) by
P
(HL,HL);MFT
n,l ≈
l∆L−1(∆L − d2 + 1)n
n! Γ(∆L)
. (2.19)
To reproduce the correct singularities manifest in the T-channel one has to sum over
infinitely many heavy-light double-twist operators with l ≫ 1. For such operators the
dependence of the OPE data on the spin l for l≫ 1 is6:
P
(HL,HL);(k)
n,l =
P
(k)
n
l
k(d−2)
2
,
γ
(k)
n,l =
γ
(k)
n
l
k(d−2)
2
.
(2.20)
Note that generally the OPE data in the S-channel receives corrections needed to reproduce
double-twist operators in the T-channel; however, since we are interested in the stress
tensor sector we consider only contributions of the form given in (2.20).
3. Multi-stress tensors in four dimensions
In this section we describe how to use crossing symmetry to fix the contribution of minimal-
twist multi-stress tensors to the heavy-heavy-light-light correlator in d = 4 to O(µ3). The
methods described generalize to other even spacetime dimensions, with the six-dimensional
case to O(µ2) described in Section 4. In principle the same technology can also be used
to determine the correlator at higher orders. Moreover, the resulting expression can be
decomposed into multi-stress tensor blocks of minimal-twist, allowing us at each order to
read off the OPE coefficients of minimal-twist multi-stress tensors.
The idea is to study the S-channel expansion in (2.13) in the limit 1− z¯ ≪ z ≪ 1. In
this limit operators with l ≫ 1 and low values of n dominate. Expanding the conformal
blocks in (2.14) for small γ(n, l) and z¯ → 1, the blocks in d = 4 reduce to
(zz¯)−
1
2 (∆H+∆L)g
(∆HL,−∆HL)
∆H+∆L+2n+γ,l
(z, z¯) ≈
z¯→1
z¯lp(log z, γ(n, l))
zn
1− z , (3.1)
where p(log z, γ(n, l)) is given by
p(log z, γ(n, l)) = z
1
2γ(n,l) =
∞∑
j=0
1
j!
(
γ(n, l) log z
2
)j
. (3.2)
6 This behavior in the large l limit is different from that of the OPE data of light-light double-
twist operators [42,43].
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Inserting (3.1) into (2.13) and converting the sum into an integral, we have the following
expression for the correlator in the limit z¯ → 1
G(z, z¯) ≈
z¯→1
∞∑
n=0
zn
1− z
∫ ∞
0
dlP
(HL,HL)
n,l z¯
lp(log z, γ(n, l)). (3.3)
In the following we consider an expansion of (3.3) around z = 0. The key point is to note
that by expanding the anomalous dimensions and OPE coefficients, as in (2.16) and (2.17)
respectively, terms proportional to zp logi z with i = 2, 3, . . . , k and any p at O(µk), in
(3.3) are completely determined in terms of OPE data at O(µk−1). Moreover, using (2.20)
one sees that the integral over the spin l yields∫ ∞
0
dll∆L−1−k z¯l =
Γ(∆L − k)
(− log z¯)∆L−k ≈z¯→1
Γ(∆L − k)
(1− z¯)∆L−k , (3.4)
at O(µk) in the limit z¯ → 1. This correctly reproduces the expected z¯ behaviour of
minimal-twist multi-stress tensors in the T-channel, thus verifying (2.20).
We now make the following ansatz for the correlator
G(k)(z, z¯) ≈
z¯→1
(1− z¯)k
[(1− z)(1− z¯)]∆L
∑
{ip}
ai1...ikfi1(z) . . . fik(z), (3.5)
where the sum goes over all sets of {ip} with ip integers and ip ≤ ip+1 such that
∑k
p=1 ip =
3k and ai1...ik coefficients that need to be fixed. Generally fa(z) are given by
fa(z) = q1,a(z) + q2,a(z) log z, (3.6)
where q(1,2),a(z) are rational functions and the ansatz (3.5) at O(µk) is therefore a poly-
nomial in log z of degree k. By crossing symmetry terms with loga z, with 2 ≤ a ≤ k, are
determined by OPE data at O(µk−1). This is what we will use to determine the coefficients
ai1...ip .
3.1. Stress tensor
We start by determining the OPE data at O(µ). This is easily obtained by matching (3.3)
at O(µ) with the stress tensor contribution (2.10). Explicitly, multiplying both channels
by (1− z) we have at O(µ)
∆Lf3(z)
120[(1− z)(1− z¯)]∆L−1 =
1
(1− z¯)∆L−1
∞∑
n=0
Γ(∆L + n− 1)zn
Γ(∆L)n!
(
P (1)n +
γ
(1)
n
2
log z
)
.
(3.7)
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Expanding the LHS in (3.7) for z ≪ 1 we find
∆L/120
[(1− z)(1− z¯)]∆L−1 f3(z) =
1
(1− z¯)∆L−1
(
− ∆L
4
(3 + log z)
− z∆L
4
(3(∆L + 1) + (∆L + 5) log z)
− z2∆L
8
(3∆L(∆L + 3) + (12 + ∆L(∆L + 11)))
+O(z3, z3 log z)
)
,
(3.8)
while the RHS is given by
∑∞
n=0
Γ(∆L+n−1)z
n
Γ(∆L)n!
(P
(1)
n +
γ(1)n
2
log z)
(1− z¯)∆L−1 =
1
(1− z¯)∆L−1
(P (1)0 + γ(1)02 log z
∆L − 1
+ z(P
(1)
1 +
γ
(1)
1
2
log z)
+ z2
∆L
2
(P
(1)
2 +
γ
(1)
2
2
log z)
+O(z3, z3 log z)
)
.
(3.9)
Comparing (3.8) and (3.9) order-by-order in z one finds the following OPE data
γ
(1)
0 = −
∆L(∆L − 1)
2
,
γ
(1)
1 = −
∆L(∆L + 5)
2
,
γ
(1)
2 = −
12 + ∆L(∆L + 11)
2
,
(3.10)
which agrees with eq. (6.10) in [30], and the OPE coefficients
P
(1)
0 = −
3∆L(∆L − 1)
4
,
P
(1)
1 = −
3∆L(∆L + 1)
4
,
P
(1)
2 = −
3∆L(∆L + 3)
4
.
(3.11)
It is straightforward to continue and compute the O(µ) OPE data in the S-channel for any
value of n.
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3.2. Twist-four double-stress tensors
From (3.5) we infer the following expression for the contribution due to twist-four double-
stress tensors to the heavy-heavy-light-light correlator in the limit z¯ → 1:
G(2)(z, z¯) ≈
z¯→1
(1− z¯)2
[(1− z)(1− z¯)]∆L
(
a15f1(z)f5(z) + a24f2(z)f4(z) + a33f
2
3 (z)
)
. (3.12)
By expanding (3.12) further in the limit z ≪ 1 and collecting terms that goes as zp log2 z,
we will match with known contributions obtained from (3.3).
Inserting (3.10) and (3.11) in the S-channel (3.3) fixes terms proportional to zp log2 z
up to O(z2 log2 z). Expanding the ansatz (3.12) and matching with the S-channel repro-
duces the result obtained in [32]:
G(2)(z, z¯) ≈
z¯→1
(1− z¯)2
[(1− z)(1− z¯)]∆L
(
∆L
28800(∆L − 2)
)
×
{
(∆L − 4)(∆L − 3)f23 (z) +
15
7
(∆L − 8)f2(z)f4(z) + 40
7
(∆L + 1)f1(z)f5(z)
}
.
(3.13)
Using the O(µ) OPE data in the S-channel for n > 2 in (3.8) and (3.9) one gets an
overconstrained system which is still solved by (3.13). This is a strong argument in favor
of the validity of our ansatz (3.5).
We can now use (3.13) to derive the O(µ2) OPE data in the S-channel by matching
terms proportional to zp logi z as z → 0, with i = 0, 1, by comparing with (3.3). This is
done in the same way it was done for O(µ) OPE data in the S-channel. For example, one
finds the following data for n = 0, 1, 2, 3:
γ
(2)
0 = −
(∆L − 1)∆L(4∆L + 1)
8
,
γ
(2)
1 = −
∆L(∆L + 1)(4∆L + 35)
8
,
γ
(2)
2 = −
(3 + ∆L)(68 + ∆L(69 + 4∆L))
8
,
γ
(2)
3 = −
(5 + ∆L)(204 + ∆L(4∆L + 103))
8
,
(3.14)
which agrees with Eq. (6.39) in [30], and for the OPE coefficients
P
(2)
0 =
(∆L − 1)∆L(−28 +∆L(−145 + 27∆L))
96
,
P
(2)
1 =
∆L(−596 +∆L(−399 +∆L(−64 + 27∆L)))
96
,
P
(2)
2 =
−1248 + ∆L(−2252 + ∆L(−699 + ∆L(44 + 27∆L)))
96
,
P
(2)
3 =
−3744 + ∆L(−4940 + ∆L(−783 + ∆L(152 + 27∆L)))
96
.
(3.15)
It is again straightforward to extract the OPE data for any value of n.
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3.3. Twist-six triple-stress tensors
We now consider the multi-stress tensor sector of the correlator at O(µ3) and proceed
similarly to the previous Section. From (3.5) we infer the following expression for the
contribution due to twist-six triple-stress tensors:
G(3)(z, z¯) ≈
z¯→1
(1− z¯)3
[(1− z)(1− z¯)]∆L
(
a117f
2
1 f7 + a126f1f2f6 + a135f1f3f5
+a225f
2
2 f5 + a234f2f3f4 + a333f
3
3
)
,
(3.16)
where fi = fi(z) is given by (2.6).
7 Taking the limit 1 − z¯ ≪ z ≪ 1 of (3.16), we fix the
coefficients by matching with terms proportional to zp log2 z and zp log3 z, with p = 0, 1, 2
from (3.3). This requires using the OPE data of the heavy-light double-twist operators
[OHOL]n,l for n = 0, 1, 2 and l≫ 1 to O(µ2), given in (3.10), (3.11), (3.14) and (3.15).
We find the following solution:
a117 =
5∆L(∆L + 1)(∆L + 2)
768768(∆L − 2)(∆L − 3) ,
a126 =
5∆L(5∆
2
L − 57∆L − 50)
6386688(∆L − 2)(∆L − 3) ,
a135 =
∆L(2∆
2
L − 11∆L − 9)
1209600(∆L − 3) ,
a225 = − ∆L(7∆
2
L − 51∆L − 70)
2903040(∆L − 2)(∆L − 3) ,
a234 =
∆L(∆L − 4)(3∆2L − 17∆L + 4)
4838400(∆L − 2)(∆L − 3) ,
a333 =
∆L(∆L − 4)(∆3L − 16∆2L + 51∆L + 24)
10368000(∆L − 2)(∆L − 3) .
(3.18)
We can also consider higher values of p and obtain an overconstrained system of equations,
whose solution is still (3.18). Inserting (3.18) into (3.16), we obtain the contribution from
minimal-twist triple-stress tensor operators to the heavy-heavy-light-light correlator in the
lightcone limit.
7 Note that we omitted a potential term of the form f1f
2
4 . This can be written in terms of f
3
3 ,
f1f3f5, f
2
2 f5 and f2f3f4, as follows from:
f
3
3 (z) =
20
21
f1(z)f3(z)f5(z)−
27
28
f1(z)f
2
4 (z)−
20
21
f
2
2 (z)f5(z) +
55
28
f2(z)f3(z)f4(z). (3.17)
14
Note that for ∆L → ∞, the correlator is determined by the exponentiation of the
stress tensor discussed e.g. in [32], i.e.
G(3)(z, z¯) ≈
z¯→1
(1− z¯)3
[(1− z)(1− z¯)]∆L
1
3!
(
∆L
120
(1− z)32F1(3, 3; 6; 1− z)
)3
+ · · · , (3.19)
which one indeed obtains by taking ∆L → ∞ of (3.16) with (3.18). Here ellipses denote
terms subleading in ∆L.
By analytically continuing z → e−2piiz and sending z → 1, one can access the large
impact parameter regime of the Regge limit. To do this we use the following property of
the hypergeometric function (see e.g. [4]):
2F1(a, a, 2a, 1− ze−2pii) = 2F1(a, a, 2a, 1− z) + 2piiΓ(2a)
Γ(a)2
2F1(a, a, 1, z). (3.20)
Using (3.20) the leading term from (3.16) with the coefficients (3.18) in the limit 1− z¯ ≪
1− z ≪ 1 is given by
G(3)(z, z¯) ≈
z¯→1,z→1
1
[(1− z)(1− z¯)]∆L×(
−9ipi
3∆L(∆L + 1)(∆L + 2)(∆L + 3)(∆L + 4)
2(∆L − 2)(∆L − 3)
(
1− z¯
(1− z)2
)3)
.
(3.21)
This agrees with the holographic calculation in a shockwave background at O(µ3) given
by Eq. (45) in [39] based on techniques developed in [45-49].
3.4. Exponentiation of leading-twist multi-stress tensors
In d = 2 the heavy-heavy-light-light correlator is determined by the heavy-heavy-light-light
Virasoro vacuum block. This block contains the exchange of any number of stress tensors
and derivatives thereof in the T-channel [11,12,17], and therefore all multi-stress tensor
contributions. This block, together with the disconnected part, exponentiates as
〈OH(∞)OL(1)OL(z)OH(0)〉 = e∆LF(z), (3.22)
for a known function F(z) independent of ∆L. It is interesting to ask if something similar
happens for the contribution of the minimal-twist multi-stress tensors in the lightcone limit
of the correlator in higher dimensions. By this we mean whether the stress tensor sector
of the correlator can be written as
G(z, z¯) ≈
z¯→1
1
[(1− z)(1− z¯)]∆L e
∆LF(µ;z,z¯), (3.23)
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for some function F(µ; z, z¯) which is a rational function of ∆L and remains O(1) as ∆L →
∞.
The z¯ dependence implies the following form of F(µ; z, z¯):
F(µ; z, z¯) = µ(1− z¯)F (1)(z) + µ2(1− z¯)2F (2)(z) + µ3(1− z¯)3F (3)(z) +O(µ4). (3.24)
At leading order we observe F (1)(z) = 1120f3(z), which is just the stress tensor contribution.
At second order we find:
F (2)(z) = (12− 5∆L)f3(z)
2 + 15
7
(∆L − 8)f2(z)f4(z) + 407 (∆L + 1)f1(z)f5(z)
28800(∆L − 2)
. (3.25)
Note that F (2)(z) is independent of ∆L in the limit ∆L →∞.
To find F (3)(z) we parametrise it as
F (3)(z) =
(
b117f
2
1 (z)f7(z) + b126f1(z)f2(z)f6(z) + b135f1(z)f3(z)f5(z)
+ b225f
2
2 (z)f5(z) + b234f2(z)f3(z)f4(z) + b333f
3
3 (z)
)
.
(3.26)
It is clear that for terms which do not contain a factor of f3(z), the coefficients bijk should
satisfy bijk = aijk/∆L. This is not true for terms which contain a factor of f3. Inserting
F (1), F (2) and Eq. (3.26) in (3.23), expanding in µ and matching with (3.16) yields
b117 =
a117
∆L
,
b126 =
a126
∆L
,
b225 =
a225
∆L
,
b135 = − 11∆
2
L − 19∆L − 18
1209600(∆L − 2)(∆L − 3) ,
b234 =
(∆L − 2)(∆L + 2)
1209600(∆L − 2)(∆L − 3) ,
b333 =
7∆2L − 18∆L − 24
2592000(∆L − 2)(∆L − 3) .
(3.27)
From (3.25) and (3.27), one finds that the correlator exponentiates to O(µ3) in the sense
described above, i.e. F(µ; z, z¯) is a rational function of ∆L of O(1) as ∆L →∞.
To leading order in ∆L, exponentiation for large ∆L is a prediction of the AdS/CFT
correspondence. The two-point function of the operator OL in the state created by the
heavy operator OH is given in terms of the exponential of the (regularized) geodesic dis-
tance between the boundary points in the dual bulk geometry. For details on this, see e.g.
[32].
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3.5. OPE coefficients of triple-stress tensors
In this section we describe how to decompose the correlator (3.16) into an infinite sum
of minimal-twist triple-stress tensor operators. In order to do this we use the following
multiplication formula for hypergeometric functions [32]:
2F1(a, a; 2a;w)2F1(b, b; 2b;w) =
∞∑
m=0
p[a, b,m]w2m2F1[a+b+2m, a+b+2m, 2a+2b+4m,w],
(3.28)
where
p[a, b,m]
=
2−4mΓ(a+ 1
2
)Γ(b+ 1
2
)Γ(m+ 1
2
)Γ(a+m)Γ(b+m)Γ(a+ b+m− 1
2
)Γ(a+ b+ 2m)√
piΓ(a)Γ(b)Γ(m+ 1)Γ(a+m+ 12 )Γ(b+m+
1
2 )Γ(a+ b+m)Γ(a+ b+ 2m− 12 )
.
(3.29)
It is useful to note that by using (3.28) we can write a similar formula for the functions fa
defined in (2.6):
fa(z)fb(z) =
∞∑
m=0
p[a, b,m]fa+b+2m(z), (3.30)
where p[a, b,m] is defined in (3.29). It is now clear that the correlator (3.16) can be written
as a double sum over functions f9+2(n+m). We can thus write the stress tensor sector of
the correlator in the lightcone limit at O(µ3) as
G(3)(z, z¯) ≈
z¯→1
(1− z¯)3
[(1− z)(1− z¯)]∆L
∞∑
n,m=0
c[m,n]f9+2(n+m)(z), (3.31)
with
c[m,n] =
(
a333p[3, 3, m]p[3, 6 + 2m,n] + a117p[1, 7, m]p[1, 8 + 2m,n]
+ a126p[2, 6, m]p[1, 8 + 2m,n] + a135p[3, 5, m]p[1, 8 + 2m,n]
+ a225p[2, 5, m]p[2, 7 + 2m,n] + a234p[3, 4, m]p[2, 7 + 2m,n]
)
,
(3.32)
where coefficients aijk are fixed in (3.18).
Comparing (3.31) with (2.5) we see that the contribution at O(µ3) comes from oper-
ators of the schematic form : TαβTγδ∂ρ1 . . . ∂ρ2lTµν :. These operators have
τ
2
+ s = 9+2l,
where s is total spin s = 6+2l. The corresponding OPE coefficients of such operators will
be a sum of all contributions in (3.31) for which n+m = l.
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Now, one can write OPE coefficients of operators of type : TαβTγδ∂ρ1 . . . ∂ρ2lTµν : as
P
(HH,LL);(3)
6,6+2l =
l∑
n=0
c[l − n, n]. (3.33)
Let us write a few of the coefficients explicitly here:
µ3P
(HH,LL);(3)
6,6 = µ
3∆L(3024 + ∆L(7500 +∆L(7310 + 143∆L(25 + 7∆L))))
10378368000(∆L − 2)(∆L − 3) ,
µ3P
(HH,LL);(3)
6,8 = µ
3∆L(2688 + ∆L(7148 +∆L(9029 + 13∆L(464 + 231∆L))))
613476864000(∆L − 3)(∆L − 2) ,
µ3P
(HH,LL);(3)
6,10 = µ
3∆L(888 + ∆L(2216 +∆L(3742 + 17∆L(181 + 143∆L))))
9468531072000(∆L − 3)(∆L − 2) .
(3.34)
We further find that P
(HH,LL);(3)
6,6 and P
(HH,LL);(3)
6,8 agree with the expression obtained
holographically in [37].
4. Minimal-twist double-stress tensors in six dimensions
In this section we derive the contribution of minimal-twist double-stress tensors to the
heavy-heavy-light-light correlator in the lightcone limit in d = 6. The method is analogous
to the four-dimensional case described in Section 3.
From (1.15) we make the following ansatz for the stress tensor sector in the lightcone
limit:
G(2)(z, z¯) ≈
z¯→1
(1− z¯)4
[(1− z)(1− z¯)]∆L ×(
a17f1(z)f7(z) + a26f2(z)f6(z) + a35f3(z)f5(z) + a44f
2
4 (z)
)
.
(4.1)
The S-channel conformal blocks in six dimensions in the limit ∆H →∞ are given by
(2.15). In the lightcone limit z¯ → 1 operators with l≫ 1 dominate and the blocks can be
approximated by
(zz¯)−
1
2 (∆H+∆L)g
(∆HL,−∆HL)
∆H+∆L+2n+γ,l
(z, z¯) ≃ z¯
lznp(log z, γ)
(1− z)2 , (4.2)
with p given by (3.2). Replacing the sum in (2.13) with an integral and inserting (4.2) we
have
G(2)(z, z¯) ≈
z¯→1
∞∑
n=0
zn
(1− z)2
∫ ∞
0
dlP
(HL,HL)
n,l z¯
lp(log z, γ). (4.3)
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As in d = 4 one finds that terms proportional to logi z with i = 2, 3, . . . , k at O(µk), are
determined by the OPE data at O(µk−1).
At O(µ) we can use the known contribution from the stress tensor exchange (2.10) to
derive the anomalous dimensions γ
(1)
n and the OPE coefficients P
(1)
n just as it was done in
four dimensions. This is done by matching (4.3) order by order in the small z expansion.
Using (2.20) one can integrate over spin. E.g. for n = 0, 1, 2, 3:
γ
(1)
0 = −
(∆L − 2)(∆L − 1)∆L
2
,
γ
(1)
1 = −
(∆L − 1)∆L(∆L + 10)
2
,
γ
(1)
2 = −
∆L(∆L + 2)(∆L + 19)
2
,
γ
(1)
3 = −
(∆L + 4)(∆L(∆L + 29) + 30)
2
,
(4.4)
These anomalous dimensions agree with eq. (6.10) in [30]. Similarly, we obtain the following
OPE coefficients:
P
(1)
0 = −
11(∆L − 2)(∆L − 1)∆L
12
,
P
(1)
1 = −
(∆L − 1)∆L(11∆L + 38)
12
,
P
(1)
2 = −
∆L(22 + ∆L(87 + 11∆L))
12
,
P
(1)
3 = −
∆L(202 + ∆L(147 + 11∆L))
12
.
(4.5)
It is straightforward to continue to higher values of n.
Plugging (4.4) into (4.3) in the limit 1−z¯ ≪ z ≪ 1 one finds the following contribution
to the terms proportional to z
p log2 z
(1−z¯)∆L−4
at O(µ2):
p = 0 :
∆2L(∆L − 1)(∆L − 2)
32(∆L − 3)(∆L − 4) ,
p = 1 :
∆2L(∆L − 1)(∆L + 6)(∆L + 16)
32(∆L − 3)(∆L − 4)
p = 2 :
∆2L(∆
4
L + 46∆
3
L + 599∆
2
L + 1898∆L + 1056)
64(∆L − 3)(∆L − 4) ,
p = 3 :
∆7L + 72∆
6
L + 1651∆
5
L + 13344∆
4
L + 40180∆
3
L + 41952∆L
2 + 14400∆L
192(∆L − 3)(∆L − 4) .
(4.6)
It is now straightforward to expand the ansatz (4.1) in the limit 1 − z¯ ≪ z ≪ 1 , collect
terms that behave as zp log2 z and compare them to the S-channel (4.6). This determines
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the coefficients:
a17 =
∆L(∆L + 1)(∆L + 2)
64064(∆L − 3)(∆L − 4) ,
a26 =
∆L(−18 + (−12 + ∆L)∆L)
133056(∆L − 3)(∆L − 4) ,
a35 =
∆L(∆L − 6)(∆L − 15)
302400(∆L − 3)(∆L − 4) ,
a44 =
∆L(∆L − 5)(∆L − 6)
627200(∆L − 3) .
(4.7)
One can consider higher values of p; eq. (4.7) is still the solution of the corresponding
overconstrained system.
The double-stress tensor contribution to the correlator in the lightcone limit z¯ → 1 is
therefore given by
G(2)(z, z¯) ≈
z¯→1
(1− z¯)4
[(1− z)(1− z¯)]∆L
∆L
(∆L − 3)(∆L − 4)
(
1
627200
)
×
{
(∆L − 4)(∆L − 5)(∆L − 6)f24 (z) +
56(∆L − 6)(∆L − 15)
27
f3(z)f5(z)
+
1400(∆L(∆L − 12)− 18)
297
f2(z)f6(z) +
1400(∆L + 1)(∆L + 2)
143
f1(z)f7(z)
}
.
(4.8)
Using (4.8) one can deduce the second order OPE data in the S-channel. The anoma-
lous dimensions at this order can then be compared to the holographic calculations in [30]
to reveal perfect agreement.
4.1. Exponentiation of minimal-twist multi-stress tensors in six dimensions
It is interesting to study whether the stress tensor sector of the correlator exponentiates
in the lightcone limit
G(z, z¯) ≈
z¯→1
1
[(1− z)(1− z¯)]∆L e
∆LF(µ;z,z¯), (4.9)
with F(µ; z, z¯) a rational function of ∆L that is of O(1) as ∆L → ∞. In the lightcone
limit F(µ; z, z¯) admits an expansion
F(µ; z, z¯) = µ(1− z¯)2F (1)(z) + µ2(1− z¯)4F (2)(z) +O(µ3). (4.10)
At O(µ) one finds F (1)(z) = Γ( 62+1)24Γ(6+2) f4(z) from the stress tensor contribution. Using (4.8)
we find
F (2)(z) = b17f1(z)f7(z) + b26f2(z)f6(z) + b35f3(z)f5(z) + b44f24 (z) (4.11)
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with
b17 =
a17
∆L
,
b26 =
a26
∆L
,
b35 =
a35
∆L
,
b44 = − 4∆
2
L − 31∆L + 60
313600(∆L − 3)(∆L − 4) .
(4.12)
From (4.12) we indeed see that the stress tensor sector of the correlator exponentiates at
least to O(µ2) in d = 6.
4.2. OPE coefficients of minimal-twist double-stress tensors
In this Section we decompose the stress tensor sector of the correlator (4.1) into a sum
over minimal-twist double-stress tensors. The discussion follows that of Section 3.5.
Applying (3.30) to (4.8), we find that a + b + 2l = 8 + 2l which is τ2 + s + 2l, with
τ = 8 and s = 4 being the twist and spin of the simplest minimal-twist double-stress
tensor operator : TµνTρλ :. Non-zero value of l thus gives the contribution from operators
of higher spin of the form : Tµν∂ρ1 . . . ∂ρ2lTδλ :, where no indices are contracted and only
even spin operators contribute to the OPE between identical scalars.
It is now straightforward to write down the OPE coefficients for minimal-twist double-
stress tensors in six dimensions. E.g. one finds for the lowest-spin operators the following
OPE coefficients:
µ2P
(HH,LL);(2)
8,4 = µ
2∆L(600 + ∆L(1394 + ∆L(677 + 429∆L)))
269068800(∆L − 3)(∆L − 4) ,
µ2P
(HH,LL);(2)
8,6 = µ
2∆L(30 + ∆L(187 +∆L(−120 + 143∆L)))
3430627200(∆L − 3)(∆L − 4) ,
µ2P
(HH,LL);(2)
8,8 = µ
2∆L(60 + ∆L(1382 +∆L(−1857 + 1105∆L)))
657033721344(∆L − 3)(∆L − 4) .
(4.13)
For general spin we have (s = 4 + 2l)
P
(HH,LL)
8,s = µ
2 c∆L
(∆L − 3)(∆L − 4)(a3∆
3
L + a2∆
2
L + a1∆L + a0) (4.14)
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where
c =
2−9−2s
√
pis(s+ 2)Γ(s− 1)
(s− 3)(s+ 4)(s+ 6)(s+ 8)(s+ 10)Γ(s+ 7
2
)
,
a3 = (s− 2)s(s+ 2)(s+ 5)(s+ 7)(s+ 9),
a2 = −3(2880 + s(s+ 7)(−276 + s(s+ 7)(−56 + s(s+ 7)))),
a1 = 2(25920 + s(s+ 7)(3276 + s(s+ 7)(−80 + s(s+ 7)))),
a0 = 675× 27.
(4.15)
5. Discussion
In this paper we consider the minimal-twist multi-stress tensor contributions to the heavy-
heavy-light-light correlator of scalars in large CT CFTs in even spacetime dimensions. We
provide strong evidence for the conjecture that all such contributions are described by
the ansatz (1.15) and determine the coefficients by performing a bootstrap procedure. In
practice this is completed for twist-four double-stress tensors and twist-six triple-stress
tensors in four dimensions as well as twist-eight double-stress tensors in six dimensions.
In principle it is straightforward to use our technology to determine the coefficients ai1...ik
to arbitrarily high order in µ; this must be related to the universality of the minimal-twist
OPE coefficients.
In two dimensions the heavy-heavy-light-light Virasoro vacuum block exponentiates
[see eq. (1.1)], with F(µ; z) independent of ∆L. In higher dimensions we observe a similar
exponentiation with F(µ; z, z¯) a rational function of ∆L that remains O(1) as ∆L → ∞.
It would be interesting to see whether it is possible to write down a closed-form recursion
formula for F(µ; z, z¯). Solving such a recursion formula would give a higher-dimensional
analogue of the two-dimensional Virasoro vacuum block.
An immediate technical question concerns CFTs in odd spacetime dimensions. We
could not immediately generalize our results in this context – the ansatz in eq. (1.15) fails
in odd dimensions. However, the heavy-light conformal blocks are known [41], so a similar
approach should be feasible.
It would be interesting to study the regime of applicability of our results. We have not
used holography; our main assumption is the ansatz (1.8), known to be true for holographic
CFTs to O(µ2) in d = 4 [32]. Yet, our general expressions for the OPE coefficients agree
with the OPE coefficients computed in some holographic examples [37]. What happens
once one goes beyond holographic CFTs - will our ansatz need to be modified by the
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inclusion of terms suppressed by the gap or the central charge? We leave these questions
for subsequent investigations.
Another interesting direction concerns the study of the bulk scattering phase-shift in
the presence of a black hole background. In the context of higher dimensional CFTs, this
problem was first considered in [30] where the gravitational expression was given to all
orders in µ and the CFT computation was performed to O(µ). Subsequently, O(µ2) was
discussed in [41]. In [39] the O(µ) contribution was exponentiated to yield the scattering
phase shift in the presence of a shock-wave geometry. A CFT computation of the phase
shift to all orders in µ is still lacking. This would in principle involve understanding Regge
theory beyond the leading order. It will be interesting to see whether the results of this
article could be helpful in this regard.
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